Introduction
Mathematics [NCTM], 2014; Truss, 2013) . Being secure with important mathematical procedures gives students increased power to tackle more complicated mathematics at a more conceptual level (Codding, Burns, & Lukito, 2011; Foster, 2013b Foster, , 2016 , since automating skills frees up mental capacity for being creative (Lemov, Woolway, & Yezzi, 2012, p. 36) . Devising ways to support the development of robust fluency with mathematical procedures is currently a focus of attention. For example, in England the national curriculum for mathematics emphasises procedural fluency as the first stated aim (DfE, 2013) , and the current Bmastery^agenda stresses Bintelligent practice^as a route to simultaneously developing procedural fluency and conceptual understanding (Hodgen, 2015 However, a focus on procedural fluency is sometimes seen as a threat to reform approaches to the learning of mathematics, which emphasise sense making through engagement with rich problem-solving tasks (Advisory Committee on Mathematics Education [ACME], 2012; Office for Standards in Education [Ofsted] , 2012). In a technological age, in which calculators and computers can perform mathematical procedures quickly and accurately, it may be argued that teaching problem solving should be prioritised over practising procedures. It may also be that an excessive focus on basic procedures fails to kindle students' interest in mathematics and could be linked to students, especially girls, not choosing to pursue mathematics beyond a compulsory phase (Boaler, 2002) . Nevertheless, in a high-stakes assessment culture, where procedural skills are perceived to be the most straightforward ones to assess, the backwash effect of examinations is likely to lead to schools and teachers feeling constrained to prioritise the development of procedural fluency over these other aspects of learning mathematics (Foster, 2013c; Ofsted, 2012; Taleporos, 2005) .
In this context, it has been suggested that a mathematics task genre of etudes might be capable of addressing proceduralfluency at the sametime as offeringa richer experienceof learning mathematics (Foster, 2013b (Foster, , 2014 . Etudes are mathematics tasks in which extensive practice of a well-defined mathematical procedure is embedded within a rich mathematical problem (Foster, 2013b) . Such tasks aim to generate plentiful practice incidentally as learners tackle a rich, open-ended problem. East Asian countries which perform well in large-scale international assessments such as the Programme forInternationalStudentAssessment(PISA)andtheTrendsinInternationalMathematicsandScience Study (TIMSS) are thought to succeed in emphasising mathematical fluency without resorting to lowlevel rote learning of procedures (Askew et al., 2010; Fan & Bokhove, 2014; Leung, 2014) .
There have been many attempts to design tasks that incorporate meaningful practice (Kling & Bay-Williams, 2015) or exploit systematic variation (NAMA, 2016) to address fluency goals within deeper and more thought-provoking contexts. Not only might this lead to greater interest and motivation for students (Li, 1999) , it is conceivable that it could assist in the development of procedural fluency by to some extent shifting students' focus away from the details of the procedure, perhaps thereby aiding automation. From the point of view of being economical with students' learning time, Hewitt (1996) described the generation of purposeful practice by subordinating the role of practice to a component of a larger mathematical problem. In this way, attention is placed not on the procedure being performed but instead on the effect of its use on a desired goal (Hewitt, 2015) .
Mathematical etudes draw on these intentions to situate procedural practice within rich, problem-solving tasks. Although anecdotally etudes have been very favourably received by mathematics teachers, and appear to be popular with students, it is not known whether or not they are as effective as traditional exercises at developing procedural fluency. While etudes might be expected to offer other advantages, such as greater engagement and opportunities for creative problem solving and exploration, it is not known whether this comes at a cost of effectiveness in narrow terms of developing procedural fluency. It seems possible that diverting students' attention away from the details of carrying out a procedure and onto some wider mathematics problem could hinder their immediate progress in procedural fluency. However, on the contrary, problem-solving aspects of an etude could potentially focus students on the details of a procedure in a way that supports development of fluency. So this paper investigates whether or not etudes are as effective as exercises for developing students' procedural fluency.
Mathematical etudes 2.1 Background
Procedural fluency involves knowing when and how to apply a procedure and being able to perform it Baccurately, efficiently, and flexibly^ (NCTM, 2014, p. 1) . The Mathematical Etudes Project 1 aims to devise creative ways to help learners of mathematics develop their fluency in important mathematical procedures. It might be supposed that any varied diet of rich problemsolving tasks would automatically generate plentiful opportunities for students to gain practice in a multitude of important mathematical procedures, and that this would be a natural way for procedural fluency to be addressed in the curriculum. However, a rich, open-ended task may be approached in a variety of ways (Yeo, 2017) , and, where a choice of approaches is possible, students may be drawn to those which utilise skills with which they are already familiar and comfortable. In this way, areas of weakness may remain unaddressed. For example, a student lacking confidence with algebra may be able to solve a mathematical problem successfully using numerical trial and improvement approaches, or perhaps by drawing an accurate graph. From the point of view of problem solving, selecting to use tools with which one is already competent is an entirely appropriate strategy, but if algebraic objectives were central to why the teacher selected the task, then the task has failed pedagogically. In this way, an open-ended task cannot necessarily be relied on to focus students' attention onto a specific mathematical procedure. Even if it does succeed in doing this, it may not generate sufficient practice of the particular technique to develop the desired fluency, since a broader problem is likely to contain other aspects which also demand the student's time and attention.
For this reason, an etude cannot simply be a problem which provides an opportunity for students to use the desired procedure; it must place that procedure at the centre of the students' activity and force its repeated use. Success with the task must be contingent on repeated accurate application of the desired procedure. The Mathematical Etudes Project has developed numerous practical classroom tasks which embed extensive practice of single specified mathematical procedures within rich problem-solving contexts (Foster, 2011 (Foster, , 2012a (Foster, , b, 2013a (Foster, , b, d, 2014 (Foster, , 2015a . It is whether such tasks are as effective as traditional exercises in developing fluency or not that is the subject of this research.
The term "etude" is borrowed from music, where an etude is "originally a study or technical exercise, later a complete and musically intelligible composition exploring a particular technical problem in an esthetically satisfying manner" (Encyclopaedia Britannica, 2007) . Originally, etudes were intended for private practice, rather than performance, but later ones sought to achieve the twin objectives of satisfying an audience in concert as well as working as an effective tool for the development of the performer's fluency. This latter sense inspires the idea of a mathematical etude, which is defined as a mathematics task that embeds Bextensive practice of a well-defined mathematical technique within a richer, more aesthetically pleasing mathematical context^ (Foster, 2013b, p. 766) . In musical etudes, such as those by Chopin, the self-imposed constraint of focusing on (normally) a single specific technique may contribute to the beauty of the music.
The idea of practising a basic skill in the context of more advanced skills is common in areas such as sport (Willingham, 2009, p. 125) , and has been used within mathematics education. For example, Andrews (2002) outlined Ba means by which practice could be embedded within a more meaningful and mathematically coherent activity^(p. 16). Boaler advised that it is best to Blearn number facts and number sense through engaging activities that focus on mathematical understanding rather than rote memorization^ (Boaler, 2015, p. 6) , and many have argued that algorithms do not necessarily have to be learned in a rote fashion (Fan & Bokhove, 2014) . Watson and De Geest (2014) described systematic variation of tasks for the development of fluency, and it is known that, to be effective, practice must be purposeful, and systematically focused on small elements, and that feedback is essential (Ericsson & Pool, 2016) . The challenge is to devise mathematics tasks which do this within a rich context.
The three etudes trialled in the studies described in this paper will now be discussed. Two of these etudes address solving linear equations in which the unknown quantity appears on both sides (studies 1 and 2), and the third etude concerns performing an enlargement of a given shape on a squared grid with a specified positive integer scale factor (study 3).
Linear equations etudes
The first two etudes described focus on solving linear equations. Both are intended to generate practice at solving linear equations in which the unknown quantity appears on both sides.
Expression polygons etude
In this etude, students are presented with the diagram shown in Fig. 1 , called an expression polygon (Foster, 2012a (Foster, , 2013a (Foster, , 2014 (Foster, , 2015a . Each line joining two expressions indicates that they are equated, and the initial task for students is to solve the six equations produced, writing each solution next to the appropriate line. For example, the top horizontal line joining x + 5 to 2x + 2 generates the equation x + 5 = 2x + 2, the solution to which is x = 3, so students write 3 next to this line. In addition to recording their solutions on the expression polygon, a student could write out their step-by-step methods on a separate piece of paper.
Having completed this, the students will obtain the solutions 1, 2, 3, 4, 5 and 6. The pattern is provocative, and students typically comment on it (Foster, 2012a (Foster, , 2015a . This leads naturally to a challenge: "Can you make up an expression polygon of your own that has a nice, neat set of solutions?" Students make choices over what they regard as "nice" and "neat". They might choose to aim for the first six even numbers, first six prime numbers, first six squares or some other significant set of six numbers. Regardless of the specific target numbers chosen, the experimentation involved in producing their expression polygon is intended to generate extensive practice in solving linear equations. Working backwards from the desired solution to a possible equation, and modifying the numbers to make it work, necessitates unpicking the equation-solving process, which could contribute to understanding of and facility with the procedure. Students are expected to attend more to the solutions obtained than they would when working through traditional exercises, where the answers typically form no pattern and are of no wider significance than that individual question. As students gain facility in solving equations, they focus their attention increasingly on strategic decisions about which expressions to choose. They might even go on to explore what sets of six numbers may be the solutions of an expression polygon, or experiment with having five expressions rather than four, for instance. In this way, the task is intended to self-differentiate through being naturally extendable (Foster, 2015a, b) .
Devising equations etude
In this etude, students are asked to find integers a, b, c and d such that the equation ax + b = cx + d has integer solutions (Foster, 2012a) , but this is presented to students in a more accessible way by using empty boxes rather than algebraic letters: . In this task, the solution will be an integer if and only if (a − c) is a factor of (d − b) and a ≠ c, but this level of generalisation is not necessarily expected. The intention is that students will experiment with different integers and discern some sense of what is possible, while at the same time gaining extensive practice at the technique of solving linear equations.
Enlargements etude
In this third etude, which addresses the topic of performing an enlargement of a given shape, students are presented with the diagram shown in Fig. 2 , containing a right-angled isosceles triangle on a squared grid. The task is to find the locus of all possible positions for a centre of enlargement such that, for a scale factor of 3, the image produced lies completely on the grid. Students can generally find, without too much difficulty, one centre of enlargement that will work, but finding all possible points is demanding and may entail reverse reasoning from the possible image vertex positions to those of the original triangle. Further extensions are possible by considering different starting shapes, different positions of the starting shape on the grid and different scale factors. In all of this work, the enlargement procedure is being practised extensively within a wider investigative context. 
Summary
Each of the three etudes described above is intended to generate extensive opportunities for practising a single specified procedure within a rich problem-solving context. However, although etudes might be anticipated to have benefits for students in terms of greater engagement and creative problem solving, it is not known how effective they are in comparison with the standard approach of traditional exercises in the narrow objective of developing students' procedural fluency. It might be thought that incorporating other aspects beyond repetition of the desired procedure might to some extent diminish the effectiveness of a task for developing students' procedural fluency. However, the opposite could be the case if the problem-solving context to some extent directs students' attention away from the performance of the procedure and onto conceptual aspects, leading to greater automation. Consequently, the research question for these studies is: Are etudes as effective as traditional exercises at developing students' procedural fluency or not? In these exploratory studies, it is important to emphasise that a choice was made to compare etudes and exercises only in very narrow terms of procedural fluency. While it is likely that etudes offer other, harder-to-measure benefits for students, such as providing opportunities for creative, open-ended, inquiry-based exploration and problem solving, unless they are at least about as good as traditional exercises at developing students' procedural fluency, it is unlikely, in a high-stakes assessment culture, that schools and teachers will feel able to use them regularly as an alternative. Traditional exercises are widely used by teachers not because they are perceived to be imaginative and creative sets of tasks but because they are believed to work in the narrow sense of developing fluency at necessary procedures. If there were some other way to achieve this, that did not entail the tedium of repetitive drill, it would presumably be Foster, 2013d) preferred-provided that it were equally effective at the main job. For this reason, in these studies the focus was entirely on the effect of etudes on procedural fluency. Rather than trying to measure the plausible but more nebulous ways in which etudes might be superior, in this first exploratory set of studies it was decided to focus solely on the question of the effectiveness of etudes for the purpose of developing procedural fluency.
Study 1: Expression polygons
The aim of this study was to investigate whether a particular etude (BExpression polygons^, see Section 2.2.1) is as effective as traditional exercises at developing students' procedural fluency in solving linear equations, relative to the alternative hypothesis that the etude and the exercises are not equally effective.
Method
A quasi-experimental design was used, with pairs of classes at the same school assigned to either the intervention (the etude) or control (traditional exercises) condition. Data was collected across one or two lessons, in which students in the intervention group tackled an etude while those in the control group worked through as many traditional exercises as possible in the same amount of time. Pre-and post-tests were administered at the beginning and end of the lesson(s).
A classical t test on the gain scores (post-test − pre-test) would be suitable for detecting a statistically significant difference between the two groups; however, within the paradigm of null hypothesis significance testing, failure to find such a difference would not constitute evidence for the null hypothesis of no difference-it would simply be inconclusive (Dienes, 2014) . No evidence of a difference is not evidence of no difference. This is because failure to detect a difference might be a consequence of an underpowered study, which might have been able to detect a difference had a larger sample size (or more sensitive test) been used. For this reason, it is necessary to use a Bayesian approach for these studies, in order to establish how likely is the hypothesis of no difference between the two treatments (etude and traditional exercises) in terms of gain in procedural fluency, relative to the alternative hypothesis that there is a difference. Thus, Bayesian t tests were carried out on the gain scores obtained in each study, as described below.
Instrument
The BExpression polygons^etude (Foster, 2012a (Foster, , 2013a (Foster, , 2015a ) discussed in Section 2.2.1 was used for the intervention groups, and the control groups were provided with traditional exercises and asked to complete as many as possible in the same amount of time (see Fig. 3 for both), normally around 20 min. The exercises consisted of linear equations in which the unknown appears on both sides, leading to small integer solutions. Pre-and post-tests were designed (Fig. 4) , each consisting of four equations of the same kind as those used in the exercises. In this way, it was hoped that any bias in the focus of the tests would be toward the control group (exercises), since the matching between the exercises and the post-test was intended to be as close as possible. Each test was scored out of 4, with one mark given for the correct solution to each equation. The post-test included a space at the end for open comments, asking students to write down Bwhat you think about the work you have done on solving equations^. This question was intended to capture students' perceptions of the two different tasks.
Participants
Schools were recruited through a Twitter request for help, and schools A, B and C (Table 1) took part in this study. These schools were a convenience sample, spanning a range of sizes and composition. In most schools in England, mathematics classes are set by attainment, and this was the case for schools A and B, while school C used mixed attainment classes. In all of the schools, teachers were asked to: choose two similar classes (e.g. Year 8 or 9 parallel sets) who you are teaching to solve linear equations with the unknown on both sides (e.g. equations like 7x − 1 = 5x + 3). In these materials, all the solutions are whole numbers, but some may be negative.
A total of 241 mathematics students from Years 8 and 9 (age 12-14) participated. Fortyeight students' pre-and post-tests could not be matched, either because they were not present for one of them or (for the vast majority) because they did not put their name clearly on the test. These students' tests were excluded from the analysis, leaving N = 193. The large number of tests which could not be matched here was mainly due to the fact that in one particular class (20 students) none of the students wrote their names on either of their tests, and so none of the data from this class could be used.
Expression Polygons
In the diagram below, every line creates an equation.
So, for example, the line at the top gives the equation x + 5 = 2x + 2.
1. Write down and solve the six equations in this diagram.
What do you notice about your six solutions?
3. Now make up another diagram like this containing different expressions. Try to make the solutions to your expression polygon a "nice" set of numbers. 3x -1 = x + 7
3 0
x -6 = 9 -2x 
Administration
Teachers were asked to use the materials with a pair of Bparallel^classes across one or preferably two of the students' normal mathematics lessons. Allocation was at class level, and schools were responsible for choosing pairs of classes that they regarded as similar, which were normally a pair from the same Year group which were setted classes at the same level (e.g., both set 3 out of 6). In most cases, the same teacher taught both classes, so as to minimise teacher effects.
Equations BEFORE Test
Solve these four equations.
Show your method for each one.
2x + 4 = 3x + 1 4x + 7 = 2x -3 5x -4 = 3x + 6 x -8 = 5x -20
Equations AFTER Test
Show your method for each one. Pre-and post-tests were administered individually in the same amount of time and until most students had finished (normally about 10 min. for each). Both classes were then taught by the teacher how to solve linear equations with the unknown on both sides. Teachers were asked to teach both classes "as you would normally, in the same way, and for approximately the same amount of time". Following this, the control class received traditional exercises (Fig. 3) , with the expectation that the number of questions would be more than enough for the time available (normally about 20 min.) and that students would not complete all of them, which generally proved to be the case. The intervention group received the "Expression polygons" etude (Fig. 3 ). Teachers were advised that "It is important that [the students] go beyond solving the six equations and spend some time generating their own expression polygons (or trying to)." Teachers were asked to allow the two classes the same amount of time to work on these tasks: "however much time you have available and feel is appropriate; ideally at least a whole lesson and perhaps more". It is estimated that this was generally about 20-30 min. During this phase, teachers were asked to help both classes as they would normally, using their professional judgement as to what was appropriate, so that the students would benefit from the time that they spent on these tasks. Then the post-test was administered in the same way as the pre-test.
Results
The mean and standard deviation of the scores for both conditions at pre-and post-test, along with mean gain scores calculated as themean of(post-test − pre-test)foreach student, are shown in Table 2 and Fig. 5 . The similarity of the mean scores on the pre-test is reassuring regarding the matching of the parallel classes. A Bayesian t test was carried out on the gain scores, using the BayesFactor 2 package in R, comparing the fit of the data under the null hypothesis (the etude is as effective as the traditional exercises) and the alternative hypothesis (the etude and the exercises are not equally effective). A Bayes factor B indicates the relative strength of evidence for two hypotheses (Dienes, 2014; Rouder, Speckman, Sun, Morey, & Iverson, 2009) , and means that the data are B times as likely under the null hypothesis as under the alternative. With a Cauchy prior width of .707, an estimated Bayes factor (null/alternative) of 1.03 was obtained, indicating no reason to conclude in favour of either hypothesis. (Conventionally, a Bayes factor between 3 and 10 represents "substantial" evidence [Jeffreys, 1961] .) Prior robustness graphs for all of the Bayesian analyses described in this paper are included in the Appendix. In this case, calculation indicates that an exceptionally wide Cauchy prior width of more than 2.39 would be needed in order to obtain a Bsubstantial^ (Jeffreys, 1961) Bayes factor. The 95% credible interval 3 for the standardised effect size was [− .545, .005 ]. Students' comments on the study were few and generally related to the teaching episode rather than the etude or exercises. Insufficient responses meant that analysis of students' perceptions of the two tasks was not possible.
Discussion
Such an inconclusive result does not allow us to say that either the exercises or the etude is superior in terms of developing procedural fluency, and neither does it allow us to say that there is evidence of no difference. Scrutiny of the students' work suggested that in the time available many had engaged only superficially with the etude, whereas students in the control group had generally completed many exercises. It is possible that the style of the etude task was unfamiliar and/or that students were unclear regarding what they were supposed to do. For this reason, it was decided to devise a new etude to address the same topic of linear equations, one that it was hoped would be easier for students to understand and more similar in style to tasks that they might be familiar with. This etude formed the basis of study 2.
Study 2: Devising equations
The aim of this study was to investigate whether a different etude (BDevising equations^, see Section 2.2.2) is as effective as traditional exercises at developing students' procedural fluency in solving linear equations, relative to the alternative hypothesis that the etude and the exercises are not equally effective.
Method
The same quasi-experimental design was used as in study 1, with pairs of classes at the same school assigned to either the intervention (the BDevising equations^etude, see Section 2.2.2) or control (traditional exercises). 
Instrument and administration
This time the intervention group received the BDevising equations^etude, as described in Section 2.2.2 (see Fig. 6 ). The control group received the same set of traditional exercises as used in study 1 (see Fig. 3 ) and were asked to complete as many as possible in the same amount of time as given to the etudes group. The same pre-and post-tests were used as in study 1 (see Fig. 4 ). Administration was exactly as for study 1, except that this time the only advice given to teachers regarding the etude was that students should Bgenerate and solve their own equations^.
Participants
Schools were again recruited through a Twitter request. Schools D, E, F, G and H (Table 1) took part, all of which used attainment setting for mathematics. Teachers were again asked to choose parallel classes, and a total of 213 mathematics students from Years 8 and 9 (age 12-14) participated. This time, 19 students' pre-and post-tests could not be matched, because students did not always put their names on their tests, leaving N = 194.
Results
Results are shown in Table 3 and Fig. 7 . As in study 1, a Bayesian t test was carried out on the gain scores (Dienes, 2014; Rouder et al., 2009) 
Solve your equation.
For example, when you solve the equation 5x + 4 = 2x + 10 you get x = 2.
Does your equation have a whole-number answer like this one?
4. Choose another set of four numbers to make another equation.
Try to make as many equations as you can that have whole-number answers. likely under the null hypothesis (the etude is as effective as the traditional exercises) as under the alternative hypothesis (the etude and the exercises are not equally effective). Conventionally, a Bayes factor between 3 and 10 represents Bsubstantial^evidence (Jeffreys, 1961) . The prior robustness graph (see Appendix) indicates that any Cauchy prior width of more than .317 would have led to a Bayes factor of at least 3, which suggests that this finding is robust. The 95% credible interval for the standardised effect size was [−.326, .233] . Again, students' comments were insufficiently plentiful or focused on the task to enable an analysis.
Discussion
Study 2 provides substantial evidence that there is little difference across one or two lessons between the effect on students' procedural fluency of using traditional exercises or the BDevising equationsê tude. Examination of students'workshoweda muchgreater engagement with thisetudethanwiththe BExpression polygons^one used in study 1, as evidenced by far more written work, so it is plausible that the effect of this etude might consequently have been stronger and, in this case, was closely matched to that of the exercises.
In an attempt to extend the bounds of generalisability of this finding, a third study was conducted, using the enlargements etude discussed in Section 2.3, in order to see whether a similar result would be obtained in a different topic area. 
Study 3: Enlargements
The aim of this study was to investigate whether a third etude (BEnlargements^, see Section 2.3) is as effective as traditional exercises at developing students' procedural fluency in a different (geometric) topic area: performing an enlargement of a given shape on a squared grid with a specified positive integer scale factor. As before, the alternative hypothesis was that the etude and the exercises are not equally effective.
Method
The same quasi-experimental design was used as in studies 1 and 2, with pairs of parallel classes in each school assigned to either the intervention (this time the BEnlargements^etude) or control (traditional exercises) condition.
Instrument and administration
The BEnlargements^etude (Foster, 2013d) discussed in Section 2.3 was used for the intervention groups, and the control groups were provided with traditional exercises and asked to complete as many as possible in the same amount of time (see Fig. 8 for both).
The exercises consisted of a squared grid containing five right-angled triangles and four given points. Each question asked students to enlarge one of the given shapes by a scale factor of 2, 3 or 5, using as centre of enlargement one of the given points. Pre-and posttests were administered (Fig. 9) , in which students were asked to enlarge a given triangle with a scale factor of 4 on a squared grid about a centre of enlargement marked with a dot.
Enlargement Task
For a scale factor 3 enlargement of this triangle, where can the centre of enlargement be so that all of the enlarged shape is on the grid?
Enlargement Exercises
Here are five shapes (A, B, C, D and E) and four points (P, Q, R and S).
1.
Enlarge shape A by a scale factor of 3 about centre of enlargement P. Label your shape F.
2.
Enlarge shape B by a scale factor of 2 about centre of enlargement Q. Label your shape G.
3.
Enlarge shape C by a scale factor of 3 about centre of enlargement R. Label your shape H.
4.
Enlarge shape A by a scale factor of 2 about centre of enlargement S. Label your shape I.
5.
Enlarge shape D by a scale factor of 2 about centre of enlargement S. Label your shape J.
6.
Enlarge shape E by a scale factor of 5 about centre of enlargement R. Label your shape K.
7.
Enlarge shape D by a scale factor of 2 about centre of enlargement P. Label your shape L. The pre-and post-tests were intended to be as similar as possible in presentation to the traditional exercises, again in the hope that any bias in the focus of the post-test would be in favour of the control group. As before, the post-test included a space at the end for open comments, asking students to write down Bwhat you think about the work you have done on enlargements^. Each test was scored out of 4, with one mark for each correctly positioned vertex and one for an enlarged triangle of the correct shape, size and orientation (not necessarily position). Administration was exactly as for studies 1 and 2, except that this time teachers were asked to ensure that the students understand that they are meant to try to find as many possible positions for the centre of enlargement as they can-perhaps even the whole region where these centres can be. Students could also go on to explore what happens if the starting triangle is in a different position, or is a different shape, or if a different scale factor is used (original emphasis).
The purpose of this was to try to ensure that the students would engage extensively with the etude and not assume that finding one viable centre of enlargement was all that was required.
Participants
As before, schools were recruited through a Twitter request. Schools I, J and K in Table 1 took part, all of which used attainment setting for mathematics lessons. Teachers were again asked to choose parallel classes, and a total of 151 mathematics students from Years 9 and 10 (age 13-15) participated. Year 9-10 classes were used this time, rather than Year 8-9 classes, due to teachers' choices about suitability for this different topic. This time, only 10 students' pre-and post-tests could not be matched, again because of missing names on some of the tests, leaving N = 141.
Enlargement BEFORE Test
Enlarge the triangle below with a scale factor of 4 about the centre of enlargement marked with a dot.
Enlargement AFTER Test
Please write down below what you think about the work you have done on enlargements. 
Results
Analysis proceeded as before, and the results are shown in Table 4 and Fig. 10 . Again, a Bayesian t test was carried out on the gain scores (Dienes, 2014; Rouder et al., 2009) , with a Cauchy prior width of .707, this time giving a Bayes factor (null/alternative) of 5.20, meaning that the data are about five times as likely under the null hypothesis (the etude is as effective as the traditional exercises) as under the alternative hypothesis (the etude and the exercises are not equally effective). Conventionally, a Bayes factor between 3 and 10 represents Bsubstantialê vidence (Jeffreys, 1961) . The prior robustness graph (see Appendix) indicates that any Cauchy prior width of more than .365 would have led to a Bayes factor of at least 3, which suggests that the finding is robust. The 95% credible interval for the standardised effect size was [−.384, .257 ].
Once again, student comments were too few to allow a reasonable analysis.
Discussion
Study 3 provides substantial evidence that there is no difference across one or two lessons between the effect on students' procedural fluency of using traditional exercises or this enlargement etude. Examination of students' work showed a lot of drawing on the sheets, with many students correctly finding the locus of all possible positions for the centre of enlargement. It may be that this greater degree of engagement (relative to study 1) could account for this etude being of comparable benefit to the exercises, as was the case in study 2.
General discussion
The Bayes factors obtained in these three studies were combined using the BayesFactor package in R and the meta.ttestBF Bayesian meta-analysis function. Again using a Cauchy prior width of .707, this time an estimated combined Bayes factor (null/alternative) of 5.83 was obtained (Table 5 ). This again falls within the conventionally accepted range of 3 to 10 for Bsubstantial^evidence (Jeffreys, 1961) . This means that, taken together, the three studies reported support the conclusion in favour of the null hypothesis that the etudes are as effective as the traditional exercises in developing students' procedural fluency, relative to the alternative hypothesis that the etudes and the exercises are not equally effective. The smaller Bayes factor for study 1 may have resulted from a less clearly articulated etude that was unfamiliar in style to the students, requiring a greater degree of initiative in constructing expressions than is normally expected in mathematics classrooms. If it is the case that students were less sure what was expected of them, this could explain why the etudes group carried out less equation solving here than the exercises group did. As reported above, in studies 2 and 3, a greater effort was made in the teacher instructions to explain the intentions of the task, and a greater engagement with the etudes was inferred from the quantity of written work produced.
Conclusion
These three exploratory studies suggest that the etudes trialled here are as effective as the traditional exercises in developing students' procedural fluency. Consequently, for a hypothetical teacher whose sole objective was to develop students' procedural fluency, it should be a matter of indifference whether to do this by means of exercises or etudes. Given the plausible benefits of etudes in terms of richness of experience and opportunity for open-ended problem solving and creative thinking, it may be that etudes might on balance be preferred (Foster, 2013b) .
It should be stressed that only three etudes were tested in these studies across only two mathematics topics and with students aged 12-15. Further studies using other etudes in other topic areas and with students outside this age range would be necessary to extend the generalisability of this finding. In addition, studies including delayed post-tests would be highly desirable, but were not practicable for this initial exploratory study. It would also be important to examine evidence for the hypothesised benefits of etudes beyond the narrow focus of these studies on procedural fluency. For example, it is plausible that etudes are more engaging for students, provide opportunities for students to operate more autonomously and solve problems, promote discussion and reasoning and support conceptual understanding of the mathematics. Classroom observation data, other kinds of assessments, as well as canvassing teacher and student perspectives, would be necessary to explore the extent to which this might be the case. Caution must be exercised in interpreting these findings, since the constraints of the participating schools did not allow random allocation of students to condition (etude or exercises). Instead, schools selected pairs of Bparallel^classes, generally based on level of class within the Year group (e.g., set 3 out of 6). It is reassuring that pre-test scores were generally close across the two conditions, but there remains the possibility that the parallel classes differed on some relevant factor. It should also be noted that some pre-and post-tests could not be matched, as students did not write their names on their tests, meaning that these tests had to be excluded from the data. In studies 2 and 3, the percentages of tests excluded were 9% and 7%, respectively, but in study 1 the percentage was much higher (20%). However, this was largely the result of one particular class, in which none of the students wrote their names on either test; ignoring this class, the percentage of missing data was a less severe 12%. However, these higher than desirable percentages of missing data are a reason to be cautious in interpreting these findings.
The extent of the guidance given to teachers about how to use the etudes was necessarily highly limited by the constraints of these studies. For practical reasons, the entire instructions on conducting the trials were restricted to one side of A4 paper. No professional development was involved, as these trials were carried out at a distance, and in most cases the participating schools and teachers were recruited via Twitter and contacted solely by email, and were not known personally to the researcher. It may be supposed that students would derive far greater benefit from etudes if they were deployed by teachers who had received professional development which involved prior opportunities to think about and discuss ways of working with these sorts of tasks. It remains for future work to explore this possibility.
Appendix: Prior robustness graphs for the three Bayesian analyses Horizontal dashed lines show the conventional cut-off Bayes Factor of 3 for Bsubstantialê vidence (Jeffreys, 1961) .
